Abstract. We prove a characterization of freeness, conjectured by Athanasiadis, for the family of hyperplane arrangements, which lie between the Coxeter and the Catalan arrangement of the type A . One direction was already proved in [2] . Here we prove the other direction
Conjecture of Athanasiadis
The problem to characterize freeness has been an important and interesting one in the theory of hyperplane arrangements. For example, the freeness of graphic arrangements is characterized by Stanley in terms of chordal graphs (see [9] and [6] for details). Also, free arrangements between the Coxeter arrangements of the types A −1 and B are characterized by Edelman and Reiner in [6] , and those between the Coxeter and Shi arrangements of the type A by Athanasiadis in [4] . A conjecture of Athanasiadis, which was introduced in [5] , is a generalization of his freeness characterization in [4] . To state the conjecture, let us recall several definitions and results. In this paper, we use [8] as a general reference and the same notation as in [2] .
Let K be an arbitrary field of characteristic zero and consider an affine arrangement in
where a ∈ Z ≥0 and (i, j) = 0 or 1. Note that we distinguish (i, j) and (j, i) as explained later. Such arrangements are examples of deformations of the braid arrangement.
To study the arrangement above, Athanasiadis introduced the directed graph G consisting of the vertex set V G = {1, 2, . . . , + 1} and the set of directed edges
Here the edge (i, j) is the arrow from i to j. If we define
then there is a one-to-one correspondence between the deformations of the form (1.1) and the digraph above. In [3] , Athanasiadis gave a product formula of the characteristic polynomial of A G when G satisfies the following two conditions:
Note that the conditions (A1) and (A2) depend on the ordering of the vertices V G . Hence, we say a digraph G satisfies (A1) and (A2) if the graph satisfies them after re-ordering the set of vertices V G . Based on these results and definitions, Athanasiadis made the following conjecture. In [2] , it was proved that conditions (A1) and (A2) are sufficient for Conjecture 1.1 in more general setting, i.e., the following holds.
In this paper, we prove the converse of Theorem 1.1 as follows:
then G satisfies(A1) and (A2).
The conjecture of Athanasiadis is a corollary of Theorem 1.2.
Corollary 1.1. The Conjecture 1.1 of Athanasiadis is true.
In the next section, we prove Theorem 1.2. The idea of the proof is to lift up the signed eliminable ordering of the signed graph to that on the digraph, which makes G satisfy (A1) and (A2). For the proof, we give a characterization of digraphs satisfying (A1) and (A2) independent of the numbering of vertices.
Proof of Theorem 1.2
To prove Theorem 1.2 we need Lemma 2.1 and Proposition 2.1.
Lemma 2.1. If a digraph G contains one of the following induced subgraphs
Proof. Let H ∞ denote the infinite hyperplane of cA G added to A G . If cA G is free, then every localization of it is also free. Also, if H is an induced subgraph of G corresponding to the set of vertices
-dimensional empty arrangement. Since the freeness of cA H × ∅ −2 is equivalent to that of cA H , we may assume that = 2, i = 1, j = 2, k = 3 and check the non-freeness of the deformation of A 2 -type arrangements. For that purpose, we check the characteristic polynomial of (1),
and (3). We can obtain them by [1] , or direct computations.
t + (9a 2 + 21a + 13)). Since they are irreducible over Z, Terao's factorization theorem in [10] completes the proof.
The second result is a characterization of digraphs satisfying (A1) and (A2) without using the numbering of vertices. To state it, let us introduce a correspondence map
First, the sets of vertices are the same; V G = VḠ. The relation between edges are as follows:
• If (i, j) ∈ E G and (j, i) ∈ E G , then {i, j} ∈ E + .
• If exactly one of (i, j) and (j, i) belongs to E G , then {i,
Also, recall the definition of a signed eliminable graph introduced in [2] . We say a signed graph (VḠ, E + ∪ E − ) is signed eliminable if there exists a numbering {1, 2, . . . , + 1} of VḠ such that for any i, j, k ∈ VḠ with i, j < k, the following two conditions are satisfied:
For details, see [2] and [7] . Note that a characterization of a signed eliminable graph without using a numbering of vertices is given in [7] . (1), (2) and (3) in Lemma 2.1. [2] that the corresponding signed graph S(G) =Ḡ is signed eliminable. Also, by definition, any induced subgraph of three vertices of G satisfies (A1) and (A2). Since any numbering on vertices of digraphs (1), (2) and (3) in Lemma 2.1 cannot make them satisfy (A1) and (A2), G cannot contain any of these subgraphs.
Proposition 2.1. Let G be a digraph and S(G) =Ḡ a signed graph defined above. Then G satisfies (A1) and (A2) if and only ifḠ is signed eliminable and G does not contain any induced subgraph of three-vertices

Proof. First assume that G satisfies (A1) and (A2). Then it was proved in
Next assume thatḠ is signed eliminable and G does not contain any of (1), (2) and (3) in Lemma 2.1. We may assume that 1, 2, . . . , + 1 is a signed elimination ordering. We claim that the same ordering on VḠ = V G makes G into a digraph satisfy (A1) and (A2).
To check this claim, it suffices to check that, for an induced subgraphH = {i, j, k} ⊂ VḠ ofḠ with i, j < k, the induced subgraph H := {i, j, k} ⊂ V G of G satisfies two conditions (A1) and (A2). Let us denoteH = ({i, j, k}, E + |H ∪ E − |H ). This lifting correspondence fromH to H is as follows:
So there are only finite possibilities of the induced subgraph H of G as a lifting ofH. Let us check the lifting H ofH in every case. Put E|H := E + |H ∪ E − |H .
Case 1. E|H = ∅.
In this case, using symmetry, we have four possibilities of H:
In these four cases, only (4) does not satisfy (A1) and (A2), which cannot occur by assumption. Case 2. |E + |H | = 1 and E − |H = ∅. In this case, using symmetry, we have seven possibilities of H:
In these seven cases, (1), (5) and (6) do not satisfy (A1) and (A2), which cannot occur by assumption.
Case 3. E + |H = ∅ and |E − |H | = 1. In this case, using symmetry, we have seven possibilities of H:
In these seven cases, (1), (4) and (7) do not satisfy (A1) and (A2), which cannot occur by assumption. Case 4. |E + |H | = 2 and E − |H = ∅. In this case, recall thatḠ is, and soH is signed eliminable. Hence we can restrict the possibility of H andH. For example,
cannot occur because E + |H = {{i, k}, {k, j}} and E − |H = ∅ are not permitted by the signed eliminability. Taking into account the fact thatḠ is signed eliminable, using symmetry, we have two possibilities of H:
Both cases satisfy (A1) and (A2).
Case 5. E + |H = ∅ and |E − |H | = 2. In this case, taking into account the fact thatḠ is signed eliminable, using symmetry, we have two possibilities of H:
Case 6. |E + |H | = 1 and |E − |H | = 1. In this case, taking into account the fact that G is signed eliminable, using symmetry, we have two possibilities of H:
